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In this paper we study Volterra type operators on infinite dimensional sim-
plex. It is provided a sufficient condition for Volterra type operators to be
bijective. Furthermore it is proved that the condition is not necessary.
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1 Introduction
Since Lotka and Volterra’s seminal and pioneering works (see [10]) many decades
ago, modeling of interacting, competing species have received considerable at-
tention in the fields of biology, ecology, mathematics (for example, see [3, 9]). In
their remarkably simple deterministic model, Lotka and Volterra considered two
coupled nonlinear differential equations that mimic the temporal evolution of a
two-species system of competing predator and prey populations. They demon-
strated that coexistence of both species was not only possible but inevitable in
their model. Moreover, similar to observations in real populations, both preda-
tor and prey densities in this deterministic system display regular oscillations
in time, with both the amplitude and the period determined by the prescribed
initial conditions. Note that in [1, 2, 4, 5] finite dimensional Volterra and more
general quadratic operators were studied.
When a system is large enough, it is interesting to investigate quadratic
Volterra operators define on an infinite dimensional simplex. First studies in
this direction were considered in [6]. Iterations of such operators define more
complicated nonlinear operators. To better understanding the dynamics of such
operators, it is important to study such nonlinear operators. The aim of this
paper is to study more general class of nonlinear operators which contains a
particular case of that quadratic Volterra operators. It is provided a sufficient
condition for Volterra type operators to be bijective
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2 Volterra type operators
In this section we give definition of Volterra type operators and study its basic
properties. We prove that such operators are bijective under certain condition.
Let
ℓ1 = {x = (xn) : ‖x‖1 =
∞∑
k=1
|xk| <∞}
be the space of all absolutely convergent sequences. The set
S = {x = (xn) ∈ ℓ1 : xi ≥ 0,
∞∑
n=1
xn = 1}
is called an infinite dimensional simplex.
It is known [7] that S = convh(Extr(S)) form a convex closed set, here
Extr(S) = {e(n) = (0, 0, · · · , 0, 1,︸ ︷︷ ︸
n
0, · · ·)}
is the extremal points of the S and conv(A) is the convex hull of a set A.
Let α ⊂ N be an arbitrary set. The set
Sα = {x ∈ S : xk = 0, ∀k ∈ N\α}
is called a face of the simplex. It is clear that Sα is also will be the simplex.
A relatively interior of a face Sα is defined by
riSα = {x ∈ Sα : xk > 0, ∀k ∈ α}.
In what follows we are interested in the following operator V : S → ℓ1
defined by
(V x)k = xk(1 + fk(x)), k ∈ N, x ∈ S, (1)
where a mapping f : x ∈ S → (f1(x), f2(x), · · · , fn(x), · · ·) ∈ ℓ1.
One can see that∣∣∣∣∣
∞∑
k=1
xkfk(x)
∣∣∣∣∣ ≤
∞∑
k=1
|xkfk(x)| ≤
∞∑
k=1
|fk(x)| <∞
for any x ∈ S, that means that the operator V is well defined.
Theorem 2.1 Let an operator V be given defined by (1). The following condi-
tions are equivalent:
(i) The operator V is continuous in ℓ1 and V (S) ⊂ S. Moreover, V (riSα) ⊂
riSα for every α ⊂ N .
(ii) The mapping f satisfies the following conditions:
10 f is continuous on ℓ1 topology.
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20 For every k ∈ N one holds fk(x) ≥ −1 for all x ∈ S.
30 For any x ∈ S one has
∞∑
k=1
xkfk(x) = 0.
40 For any α ⊂ N one has fk(x) > −1 for all x ∈ riSα and k ∈ α.
Proof (i)⇒(ii). The continuity of V implies 10. Take x ∈ S, then V (x) ∈ S
yields that
(a) (V (x))k ≥ 0,
(b)
∑∞
k=1(V (x)k) = 1.
Hence, from (a) it follows that xk(1 + fk(x)) ≥ 0, which implies 2
0. From
(b) one has
∞∑
k=1
xk +
∞∑
k=1
xkfk(x) = 1,
which immediately yields 30.
Let x ∈ riSα, then V (x) ∈ riSa, which with (1) and xk > 0 for all k ∈ α
implies that fk(x) > −1 for all k ∈ α.
The implication (ii)⇒(i) is evident.
We say that an operator V : S → S defined by (1) is Volterra type if one
of the conditions of Theorem 2.1 is satisfied. The corresponding mapping f is
called generating for V . By V we denote the set of all Volterra type operators.
From Theorem 2.1 we have
Corollary 2.2 The set V is convex, and for any V1, V2 ∈ V one has V1◦V2 ∈ V,
here ◦ means composition of operators.
Recall that the point x ∈ S is called fixed point of V , if V x = x The set of
all fixed points of V is denoted by Fix(V ). From Theorem 2.1 we immediately
get the following
Corollary 2.3 For any Volterra type operator V one holds
(i) Extr(S) ⊂ Fix(V );
(ii) Restriction of V to any face of the simplex is again Volterra type operator.
Let us consider more particular case of a mapping f . Namely one has the
following
Theorem 2.4 Let fk : ℓ1 → R (k ∈ N) be linear functionals. Then a mapping
f : S → ℓ1 defined by f(x) = (f1(x), f2(x), · · · , fn(x), · · ·) satisfies the conditions
10 − 40 iff one has
fk(x) =
∞∑
i=1
akixi, k ∈ N (2)
with
aki = −aik, |aki| ≤ 1 for every k, i ∈ N
3
Note that Volterra type operators with generating mappings given by (2)
are called quadratic Volterra operators. In [6] such quadratic Volterra operators
have been studied, and it was shown that any such kind of operator is a bijection
of S. In the case under consideration, i.e. for Voterra type operators we could
not state an analogous result.
Example 2.1 Let us consider 1-dimensional simplex, i.e. S1 = [0, 1]. Define
a Volterra type operator V : [0, 1]→ [0, 1] by
V (x) = x(1 − sinπx), x ∈ [0, 1].
A direct inspection shows that the defined operator is not bijection.
Now we are interested in finding some sufficient conditions for Volterra type
operators to be bijective.
Theorem 2.5 Let V be a Volterra type operator given by (1). Let
∞∑
k=1
xkfk(y) +
∞∑
k=1
ykfk(x) ≤ 0 for every x, y ∈ S. (3)
be satisfied. Then V is a bijection of S
Proof. First let us prove that the V is an injection. Suppose that there are
two distinct elements x, y such that
V (x) = V (y). (4)
Without loss of generality we may assume that xi > 0, yi > 0, ∀i ∈ N. If
it is not true, then there is a face Sα, for some subset α ⊂ N of S such that
x, y ∈ riSα that is xi > 0, yi > 0, ∀i ∈ α. According to Theorem 2.1 we have
V (Sα) ⊂ Sα therefore, due to Corollary 2.3 we can restrict V to Sα which is
Volterra type too.
Now from (4) one gets
xk(1 + fk(x)) = yk(1 + fk(y)), ∀k ∈ N
or
xk − yk + xkfk(x)− ykfk(x) = ykfk(y)− ykfk(x), ∀k ∈ N
(xk − yk)(1 + fk(x)) = −yk(fk(x)− fk(y)), ∀k ∈ N.
Since 1 + fk(x) > 0, ∀x ∈ riS and yk > 0, ∀k ∈ N , then
sgn(xk − yk) = −sgn(fk(x)− fk(y)), ∀k ∈ N. (5)
Hence
(xk − yk)(fk(x) − fk(y)) ≤ 0, ∀k ∈ N (6)
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whence
∞∑
k=1
(xk − yk)(fk(x)− fk(y)) ≤ 0. (7)
Note that the last series absolutely converges, since∣∣∣∣∣
∞∑
k=1
(xk − yk)(fk(x)− fk(y))
∣∣∣∣∣ ≤
∞∑
k=1
|xk − yk||fk(x) − fk(y)|
≤
∞∑
k=1
(xk + yk) (|fk(x)|+ |fk(y)|)
≤ 2
(
∞∑
k=1
|fk(x)|+
∞∑
k=1
|fk(y)|
)
<∞
From (7) one finds
∞∑
k=1
xkfk(x)−
∞∑
k=1
xkfk(y)−
∞∑
k=1
ykfk(x) +
∞∑
k=1
ykfk(y) ≤ 0. (8)
By means of condition 30, (8) can be rewritten by
∞∑
k=1
xkfk(y) +
∞∑
k=1
ykfk(x) ≥ 0. (9)
From (3) and (9) we conclude that (6) is true if and only if
(xk − yk)(fk(x)− fk(y)) = 0, ∀k ∈ N.
The equality (5) with the last equality implies that x = y. Thus, V : S → S is
injective.
Now let us show that V is onto. Denote
A1 = {[1, n] ⊂ N : n ∈ N},
A2 = {a ⊂ [1, n] : |[1, n]\a| ≥ 2, n ∈ N},
A3 = {b ⊂ N : a ⊂ b, a ∈ A1 ∪ A2, |N\b| <∞},
A = A1 ∪ A2 ∪A3.
In A define an order by inclusion, i.e. a ≤ b means that a ⊂ b for a, b ∈ A. It
is evident that A is a completely ordering set. We will prove surjection of V by
using transfer induction method with respect to the set A. Clearly that operator
V is a surjection on S{1}. Suppose that for an element a ∈ A the operator V
is a surjective on Sb for every b < a. Let us show that the V is a surjection
on Sa as well. Assume that V (Sa) 6= Sa. For the boundary ∂Sa of Sa we have
∂Sa =
⋃
c∈A: c<a
Sc. According to the assumption of the induction we get
V (∂Sa) = ∂Sa. (10)
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On the other hand, there exist x, y ∈ riSa such that x ∈ V (Sa), y /∈ V (Sa).
The segment [x, y] contains at least one boundary point z of the set V (Sa). Since
V : Sa → V (Sa) is continuous and bijection, then the boundary point goes to
boundary one. Therefore, for z ∈ riSa, V
−1(z) ∈ ∂Sa, which contradicts to
(10).
Remark 2.1 Note that the functionals (2) described in Theorem 2.4 satisfy the
condition (3).
3 Cubic Volterra operators
From the previous section one arises a question: is there non-trivial (except for
linear functionals fk) examples of Volterra type operators for which condition (3)
is satisfied. In this section we introduce so called cubic Volterra operators, and
provide an examples of such operators which satisfy condition (3). Moreover,
we establish that that condition is indeed sufficient, i.e. an example of bijective
cubic Volterra operator will be given, which does not satisfy (3).
Recall that a mapping V : S → S is called cubic stochastic operator (shortly
c.s.o.) if it is defined by
(V x)k =
∞∑
i,j,l=1
pijl,kxixjxl, ∀k ∈ N (11)
for all x ∈ S, here
∞∑
k=1
pijl,k = 1, and pijl,k = ppi(i)pi(j)pi(l) ≥ 0, (12)
where π is any permutation of the index set {i, j, l}.
Note that cubic stochastic operators were studied in [3],[8].
We say that a c.s.o. V is called cubic Volterra operator (c.V.o.) if any face
of the simplex is invariant with respect to V. One can prove the following
Theorem 3.1 A c.s.o. V is cubic Volterra operator if and only if pijl,k = 0
whenever k /∈ {i, j, l}. Moreover, any cubic Volterra operator is Volterra type,
and it can be represented by
(V x)k = xk

x2k + 3xk ∑
i∈Nk
pikk,kxi + 3
∑
i∈Nk
piik,kx
2
i + 6
∑
i,j∈Nk,i<j
pijk,kxixj

 ,
(13)
for all k ∈ N , where Nk = N\{k}.
From this Theorem we immediately get the following
Corollary 3.2 If for a c.V.o. V the coefficients {pijl,k} do not depend one of
indexes {i, j, l}, then V becomes a quadratic Volterra operator.
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Now we are going to provide an example of c.V.o. which satisfies (3).
Example 3.1. Let us consider c.V.o. V0 : S → S defined by
pikk,k = 1, piik,k = 0, pijk,k =
1
3
here i, j, k are pairwise distinct. Then V has the following form
(V0x)k = xk

x2k + 3xk ∑
i∈Nk
xi + 2
∑
i,j∈Nk,i<j
xixj

 , (14)
here, as before, Nk = N\{k}.
Now let us check (3). One can see that
fk(x) = xk −
∞∑
i=1
x2i .
Therefore, one gets
∞∑
k=1
ykfk(x) +
∞∑
k=1
xkfk(y) = 2
∞∑
k=1
xkyk −
∞∑
i=1
x2i −
∞∑
i=1
y2i ≤ 0,
which implies (3).
We are going to show that the condition (3) is sufficient. Next we give an
example of bijective c.V.o. which doesn’t satisfy that condition.
Example 3.2. Let us consider an operator V : S → S defined by

(V x)1 = x
3
1
(V x)2 = x2(x
2
2 + 3x1)
(V x)3 = x3(x
2
3 + 3(x1 + x2)− 3x1x2)
· · · · · · · · · · · · · · · · · · · · · · · · · · ·
(V x)k = xk
(
x2k + 3
k−1∑
i=1
xi − 3
k−1∑
i,j=1, i<j
xixj
)
· · · · · · · · · · · · · · · · · · · · · · · · · · ·
(15)
Let us show that V maps the simplex into itself.
The relations
n∑
i=1
xi −
n∑
i,j=1, i<j
xixj =
n−1∑
k=1
xk
(
1−
n∑
i=k+1
xi
)
+ xn ≥ 0 (16)
imply that (V x)k ≥ 0 for all k ∈ N .
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Lemma 3.3 Let
Wk(x) =
(
∞∑
i=k
xi
)3
+ 3
k−1∑
i=1
xi
(
∞∑
i=k
xi
)2
+ 3
k−1∑
i,j=1, i≤j
xixj
∞∑
i=k
xi, k ∈ N.
Then for all k ∈ N one has
Wk(x) = (V x)k +Wk+1(x).
Proof
Wk(x) =
(
xk +
∞∑
i=k+1
xi
)3
+ 3
k−1∑
i=1
xi
(
xk +
∞∑
i=k+1
xi
)2
+3
k−1∑
i,j=1, i≤j
xixj
(
xk +
∞∑
i=k+1
xi
)
= x3k + 3x
2
k
k−1∑
i=1
xi + 3xk
k−1∑
i=1
xi
∞∑
i=k+1
xi + 3xk
k−1∑
i,j=1, i≤j
xixj
+
(
∞∑
i=k+1
xi
)3
+ 3
(
xk +
k−1∑
i=1
xi
)(
∞∑
i=k+1
xi
)2
+3

 k−1∑
i,j=1, i≤j
xixj + xk
k−1∑
i=1
xi + x
2
k

 ∞∑
i=k+1
xi
= xk

x2k + 3 k−1∑
i=1
xi
∞∑
i=k
xi + 3
k−1∑
i,j=1, i≤j
xixj

+Wk+1(x)
= (V x)k +Wk+1(x).
From Lemma 3.3 we obtain
1 =
(
∞∑
i=1
xi
)3
= (V x)1 +W2(x) = (V x)1 + (V x)2 +W3(x) = · · · =
∞∑
i=1
(V x)i
Now we show that the operator (15) is bijective. To this end, first we prove
that the operator is injective. Indeed, let x, y ∈ S and x 6= y. Then there exists
k0 ∈ N such that
xk0 6= yk0 , xi = yi, ∀i = 1, k0 − 1.
From (15) we find that
(V x)i = (V y)i, ∀i = 1, k0 − 1.
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From (16) and xi = yi ∀i = 1, k0 − 1 it follows that
C :=
k0−1∑
i=1
xi −
k0−1∑
i,j=1, i<j
xixj =
k0−1∑
i=1
yi −
k0−1∑
i,j=1, i<j
yiyj ≥ 0.
Consider a function g(t) = t3 + 3C · t, which is strictly increasing on the
segment [0, 1]. Therefore, for xk0 6= yk0 we get
(V x)k0 = g(xk0) 6= g(yk0) = (V y)k0 ,
which means V x 6= V y.
Since the restriction of the operator (15) to any face of S is again of type (15),
then by similar argument used in the proof of Theorem 2.5, one can establish
that the operator (15) is surjective.
Let us show that (3) is not satisfied. From (15) one sees that
fk(x) = x
2
k + 3
k−1∑
i=1
xi − 3
k−1∑
i,j=1, i<j
xixj − 1.
The inequality (3) is not satisfied if we put x = e(1),y = e(2), indeed
∞∑
k=1
e
(1)
k fk(e
(2)) +
∞∑
k=1
e
(2)
k fk(e
(1)) = −1 + 2 = 1 > 0.
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